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The  objective  of  this  workshop  was  to  determine  the  state-of-the- 
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research  relevant  to  Navy  needs.  Thus  it  had  two  goals.  The  first  was 
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of  their  current  research  activities.  The  second  was  for  the  Pis  and  Navy 
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hope  of  developing  significant  research  partnerships. 
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CLASSIFICATION  AND  INTERPRETATION  COMPUTATIONALLY 
FEASIBLE? 


An  axiomatic  approach  to  the  aggregation 
of  trees  and  other  discrete  structures 


F.R.  McMorris 
Department  of  Mathematics 
University  of  Louisville 


Suppose  several  classifications  (usually  structured  as  trees)  have  been 
constructed  for  the  same  set  of  objects.  How  can  we  (why  should  we)  form 
a  "consensus"  classification  that  captures  the  common  agreement  of  the 
original  classifications?  During  the  past  twenty  years  many  methods  have 
been  developed  relevant  to  the  comparison  and  consensus  of  classifications. 
One  approach  based  on  the  central  ideas  of  Social  Choice  Theory  pioneered 
by  K.  Arrow,  has  been  extended  to  produce  a  general  axiomatic  model  to 
address  the  above  question.  This  talk  will  present  an  overview  of  this 
approach  and  indicate  some  recent  results. 
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Waveform  Segments 
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Figure  2.1  b 
The  Relational  Tree 


Erich  and  Folth  enumerate  several  properties  of  th^^se  trees  ID.  For  our  work,  the 
most  Interesting  Is  that  RT's  partition  the  set  of  one-dimenslonal  functions  Into 
equivalence  classes.  The  partitions  may  be  viewed  as  clusters  In  a  pattern  feature 
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Cluster  analysis  addresses  the  following  very  general  problem:  given  a  set  of  entities, 
find  subsets  of  it,  called  clusters,  which  are  homogeneous,  i.e..  such  that  entities  within 
the  same  cluster  resemble  one  another,  and/or  well  separated,  i.e..  such  that  entities  in 
different  clusters  differ  one  from  the  other. 

From  the  late  60’s,  Mathematical  Programming  has  been  applied  to  cluster  analysis. 
This  allowed  to: 

(i)  formulate  precisely  many  problems  of  cluster  analysis  as  mathematical  programs: 
i.e.,  optimization  problems  with  an  explicit  objective  function  and  constraints: 

(ii)  study  the  computational  complexity  of  these  problems; 

(iii)  obtain  new  polynomial  algorithms  for  easy  problems,  with  a  low.  and  sometimes 
lowest  possible,  complexity  by  careful  studj'  of  each  of  their  steps  and  of  the  data 
structures  necessary  to  their  implementation; 

(iv)  obtain  new  and  practically  efficient  algorithms  for  NP-hard  problems; 

(v)  derive  theoretical  properties  of  existing  or  new  algorithms; 

(vi)  make  new  clustering  methods  available  to  researchers  in  various  fields  in  the  form 
of  computer  packages. 


1 


Our  work  in  the  last  few  years  and  planned  for  follows  and  extends  such  lines.  We  explore 
two  avenues  of  research.  On  one  hand,  we  define  several  new  problems  of  cluster  analysis 
in  the  areas  of  divisive  hierarchical  clustering,  partitioning,  constrained  partitioning  and 
clustering  with  asymmetric  dissimilarities.  Each  time,  complexity  issues  are  or  will  be 
explored  and  new  exact  algorithms  designed  (as  well  as  heuristics  in  the  cases  where  exact 
solution  is  too  time-consuming).  The  main  tools  used  will  be  graph  theory,  combinatorial 
optimization  (mainly  nonlinear  0-1  programming)  as  well  as,  for  the  first  time  in  cluster 
analysis,  exact  methods  of  global  optimization. 

On  the  other  hand,  we  complement  the  studj'  of  algorithms  by  analysis  of  the  steps 
preceding  and  following  their  use;  ways  to  construct  dissimilarity  indices,  automated 
methods  to  select  “best”  partitions  among  efficient  ones,  derivation  of  robustness  and 
sensitivity  concepts  for  clusters  and  partitions,  new  and  more  informative  wa3"s  to  rep¬ 
resent  partitions  and  hierarchies.  This  work  will  be  done  in  parallel  with  the  analysis  of 
several  data  sets  for  real  world  problems. 

The  first  part  of  the  presentation  will  review  steps  of  a  cluster  anah^sis  study  and  il¬ 
lustrate  the  mathematical  programming  approach.  Bicriterion  cluster  analysis  with  the 
split  and  diameter  criteria  will  be  used  for  this  purpose.  The  second  part  will  review 
recent  work  on  average  linkage  divisive  hierarchical  clustering,  maximum  split  clustering 
with  connectivity  constraints,  the  Weber  problem  on  the  sphere  and  using  espaliers  to 
represent  results. 
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Figure  3  :  Diameter  split-map  -  Uniform  data 
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generated  problems  similar  to  those  of  the  previous  series  of  experiments  are  presented  in  Tables  0 
and  10.  It  appears  that:  (i)  HTABU  gives  slightly  better  values  than  HDalc;  (ii)  computing  times 
of  HTABU  are  stnaller  than  those  of  HDALC.  Therefore,  a  direct  application  of  Tabu  Search  to 
the  hyperbolic  Problem  (P)  appears  to  be  preferable  to  the  Tabu  Search  heuristic  solution  of  the 
sequence  of  quadratic  0-1  problems  given  by  Dinkdbach’s  lemma  (1967). 


- BJ - ] 

- RDTCC - 

- DTEC - 

HHHHHIHHi: 

PMtitiOM 

H 

19 

KiDm 

19 

m 

7J. 

MDm 

^4 

783 

703 

ftt5~ 

703 

ft 

Tta 

TU 

7S3 

773 

7S3 

M3 

773 

753 

663 

ft 

M 

rtr 

M 

Tse 

775 

M3 

7S0 

775 

663 

ft 

S4S 

7S0 

666 

677 

7S0 

646 

677 

750 

646 

Pi 

S43 

TSl 

543 

543 

753 

543 

543 

753 

542 

p* 

S33 

733 

533 

533 

733 

533 

533 

732 

533 

ft 

465 

717 

465 

465 

717 

465 

465 

ma 

465 

p. 

4S6 

704 

436 

438 

704 

436 

436 

704 

436 

ft 

415 

7QS 

415 

415 

TOO 

415 

415 

700 

415 

^10 

330 

703 

330 

333 

333 

333 

333 

ft> 

sn 

602 

37S 

300 

377 

300 

Ea 

277 

ftl 

3T7 

670 

377 

377 

670 

377 

377 

670 

277 

icpu  (— cond») 

OjOI 

osn 

OjOI 

0.10 

0.11 

0.11 

oai 

oa3 

0.32 

snuLc 


Table  5:  Comparison  of  heuristics  and  exact  algorithm  (13  psychological  tests  of  Harman) 
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Table  6:  Heuristic  solutions  for  Fisher’s  iris  data  (N=150) 
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160.441 

160433  I  166370  |  160613 
167SS6 


IT 


160337 
160110  I  160334 


10  166434 

IS  167707  I  160331 


IT  IT 


3  I  160131  I  16033S 
SOO  4 


160744 

170496 

170460 

170636 

17037S 


10  160466  1601TQ 

IS  167041  160140  I  167041 


in4S6 

m390 

inot7 

170001 


in037 

1707SO 

170616 

160733 


S0430  17064S 

360.13  I  17D4S3 
17D33S 
160731 


173688 
173036 
163473  I  173337 
170146 
160310 


173331 
in374 

143491  ' 

14061S  I  160164 


174647 

mooo 

in410 

mOTB 

m345 

160001 


■li'Tmikr’ FI 


166740  in417 

1S6441  I  170413 
167306 

14017S  I  in37S 
137303 


fTTMTTvFIHirL  '1 


170373  170183  1S0638  in090 

170333  170016  1S6603  160067 

170116  in044  161166  ini44 

170344  130376 

170360  136706 


147035 

131996 


167683 

166434 

169005 

164073 

138796 

136190 


161369 

153631 

148831 

135675 

136378 


AVERAGE ‘ 


[2n 


w 

106 

1.63 

1.49 

JBi 

3.14 

3J7 

3.33 

seo 

6J7 

636 

Mi 

6.17 

936 

6.43 

46.70 

144.14 

143.59 

339.13 

339.06 

36434 

364.78 

66133 

600.19 

Table  9:  Results  for  large  problems 
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Abstract 

Pathfinder  associative  networks  (PFNETs)  were  originated  to  model  human 
semantic  memory,  and  have  proven  particularly  effective  with  associative 
aspects  of  the  organization  of  knowledge.  Theoretical  connections  have 
been  established  with  graph  theory,  path  algebras,  proximity  graphs, 
computational  geometry,  clustering,  and  search  procedures.  The  PFNET  paradigm 
is  being  used  in  human-computer  interface  systems,  and  in  the  organization  of 
data  in  a  database  for  an  experimental  robotic  vision  system.  Characteristics 
of  PFNETs  include  (1)  the  preservation  of  minimum-distance  paths  between 
entities,  (2)  the  clustering  of  similar  entities  through  the  edge  structure, 

(3)  the  consequent  support  of  higher  levels  of  abstraction,  and  (4)  the 
capability  of  generating  proximity  graphs,  such  as  the  relative  neighbornood 
graph  and  the  (open  lune)  gabriel  graph.  Monotonic  search  networks  (MSNETs), 
closely  related  to  PFNETs,  provide  for  search  in  which  no  backtracking  is  ever 
necessary  in  domains  having  (objective)  distance  measures,  and  also  support  the 
clustering  features  of  PFNETs.  These  studies  have  motivated  investigations  of 
cluster  learning  and  conceptual  clustering  from  the  perspective  of  primitive 
transformations,  witn  representation  of  the  clusterings  by  means  of  PFNETs. 
Models  of  cluster  learning  in  which  the  clusters  represent  either  ordered  or 
unordered  sets,  and  which  may  or  may  not  overlap,  are  being  considered.  Tne 
sequential  application  of  transformations  on  clusters  to  a  graph-generation 
algorithm  is  being  considered  as  a  learning  paradigm,  and  this  perspective 
appears  to  support  a  constructive  view  of  clustering.  Co-occurrence  of 
entities  is  an  essential  component  of  the  process. 
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DEFINITION 


A  PATHFINDER  NETWORK  (PFNET)  IS  A  GRAPH  BASED  ON 
PAIRWISE  ESTIMATES  OR  MEASURES  OF  DISTANCES 
BETWEEN  ENTITIES. 
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SYSTEM  ORGANIZATION  FOR  THE  DATABASE 


A  HIERARCHY  OF 


EMPTY  NEIGHBORHOOD  GRAPHS 

PFNET(L2, 


EACH  GRAPH  IS  A  SPANNING  SUBGRAPH 


OF  THE  GRAPH  BELOW  IT 


MSNET  ORGANIZATION  OF  THE  DATA 


MOTIVATIONS  FOR  STUDY  OF  CLUSTERINGS 


LEARNING  VIA  CLUSTERINGS 

MODEL  DYNAMIC  SYSTEMS 

UTILIZE  PATHFINDER  NETWORKS 
ASSOCIATIVITY 
CLUSTERING 

LEVELS  OF  ABSTRACTION 


CONCEPT/CLUSTER  LEARNING  MODEL 

SHOULD  SUPPORT: 


SETS  OF  CLUSTERS  AS  THE  DOMAIN 

PROGRESSION  THRU  CLUSTERINGS  AS  LEARNING  OCCURS 
A  DISTANCE  MEASURE  BETWEEN  CLUSTERINGS 


INTERPRETATION  WITHIN  THE  PATHFINDER  PARADIGM 


MODEL  FOR  DYNAMIC  SYSTEMS 
SHOULD  SUPPORT: 


SETS  OF  CLUSTERS  AS  THE  DOMAIN 

PROGRESSION  THRU  CLUSTERINGS  AS  SYSTEM  CHANGES 
A  DISTANCE  MEASURE  BETWEEN  CLUSTERINGS 
PATHFINDER  OR  PROXIMITY  GRAPH  PARADIGM 


ADVANTAGES 


PSYCHOLOGICAL  FOUNDATIONS 
REPETITION  OR  REHEARSAL  CAN  BE  MODELED 
REPRESENTATIONS  AS  ASSOCIATIVE  GRAPHS 
KNOWN  GRAPH-THEORETIC  PROPERTIES 


VERIDICAL  GRAPHICAL  DISPLAY 


ASSUMPTIONS 
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FEATURES  OF  ENTITIES  WON’T  BE  CONSIDERED 
REPETITION  INCREMENTS  CO-OCCURRENCE 


CO-OCC  +  DISSIM  =  CONSTANT 


TWO  MODELS: 


1.  SEQUENTIAL  LEARNING  PARADIGM 

2.  CONCURRENT  (SNAPSHOT)  PARADIGM 


METRIC  AXIOMS 


REFLEXIVITY 

SYMMETRY 

TRIANGLE  INEQUALITY-INVALID  FOR  CO-OCCURRENCES 


PFNs  IMPOSE  THE  GENERALIZED  TRIANGLE  INEQUALITY 


COMPONENTS  OF  THE  MODEL 


DOMAIN  D  =  {A,  B,  C,  D,  ...  } 

SAMPLE  CLUSTERING  Ci  =  {(A,  B,  C),  D,  E} 

PRIMITIVE  OPERATIONS 
ADD  ENTITY  TO  D 
REMOVE  ENTITY  FROM  D 
MERGE  TWO  CLUSTERS  INTO  ONE  CLUSTER 
SPLIT  ONE  CLUSTER  INTO  TWO  CLUSTERS 


WHERE  AN  ENTITY  IS  A  CLUSTER 


EXAMPLE:  THE  LEARNING  PARADIGM 


CO  =  {A,  B,  C,  D,  E,  F} 

SO  =  -  0  0  0  0  0 
0-0000 
00-000 
000-00 
0000-0 
00000- 


C1  =  {(A,  B,  C),  D,  E,  F} 


SI  = 
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0  0  0  -  0  0 
0  0  0  0  -0 
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C3  =  {(A,  B,  C)3,  ((D,  E),  F)} 


S3  = 
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3  -  3  0  0  0 
3  3  -  0  0  0 
0  0  0  -  2  1 
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EXAMPLE  CONTINUED 
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AND  DISTANCE  GRAPHS 


Gary  Chartrand 
Western  Michigan  University 


ABSTRACT 


Several  transformations  are  described  -  between  graphs  and  between  subgraphs  in  a  graph. 
Each  of  these  transformations  gives  rise  to  a  distance  (between  graphs  or  between  subgraphs  in  a 
graph).  The  relations  between  collections  of  graphs  or  between  the  subgraphs  of  a  specified  size 
within  a  (connected)  graph  can  be  described  by  graphs  themselves,  called  distance  graphs.  In 
addition  to  describing  these  concepts,  another  distance  between  induced  subgraphs  of  a  specified 
order  and  the  corresponding  distance  graphs  are  also  discussed. 


2 


Introduction 

The  distance  between  two  vertices  in  a  connected  graph  is  the  length  of  the  shortest  path 
connecting  the  vertices.  Distance  is  one  of  the  most  fundamental  concepts  in  graph  theory. 
Algorithms  for  determining  distance  in  graphs  are  well  known  while  applications  involving 
distance  in  graphs  are  varied  and  numerous.  Indeed,  so  much  work  has  been  done  on  this  subject 
that  Buckley  and  Harary  wrote  a  book  in  1990  entirely  devoted  to  distance  in  graphs.  Distance  in 
graphs  has  been  generalized  in  several  ways,  most  notably  perhaps  to  Steiner  distance. 

The  combination  of  distance  and  graphs  occurs  in  many  other  ways.  One  of  these  concerns 
distance  between  graphs.  It  would  be  more  accurate  to  speak  of  distance  between  certain  pairs  of 
graphs  because  in  many  instances  distance  is  defined  between  graphs  having  some  specified 
properties.  In  all  such  distances,  the  distance  between  two  graphs  is  0  if  and  only  if  they  are 
isomorphic.  Hence,  the  distance  between  two  graphs  is  a  measure  of  the  structural  difference 
between  the  graphs. 


Transformations 

Some  distances  between  graphs  involve  the  idea  of  transformations.  Let  G  and  H  be 
two  (p,  q)  graphs.  We  say  that  G  can  be  transformed  into  H  by  an  edge  rotation  if  G 
contains  distinct  vertices  u,  v,  and  w  such  that  uv  e  E(G),  uw  «  E(G),  and  H  =  G  -  uv  +  uw. 
More  generally,  we  say  that  G  can  be  r-transformed  into  H  if  there  exists  a  sequence  G  =  Gq, 
Gi,  ...,  Gn  =  H  (n  >  0)  of  graphs  such  that  G^  can  be  transformed  into  Gj+i  by  an  edge 
rotation  for  i  =  0,  1, ...,  n  -  1. 

An  edge  slide  is  a  restricted  version  of  an  edge  rotation.  A  graph  G  can  be  transformed 
into  a  graph  H  by  an  edge  slide  if  G  contains  distinct  vertices  u,  v,  and  w  such  that  uv  e 
E(G),  vw  6  E(G),  uw  ^  E(G)  and  H  =  G  -  uv  +  uw.  If  a  graph  H  is  isomorphic  to  a  graph  G 
or  H  can  be  obtained  from  a  graph  G  by  a  sequence  of  edge  slides,  we  say  that  G  can  be  s- 
transformed  into  H.  For  example,  the  graph  H  of  Figure  1  can  be  obtained  from  the  graph  G 
by  an  edge  rotation,  but  H  cannot  be  obtained  from  G  by  an  edge  slide.  On  the  other  hand,  the 
graph  H'  can  be  obtained  from  G'  by  an  edge  slide  (as  well  as  by  an  edge  rotation). 
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Figure  1 

It  was  shown  by  Chartrand,  Saba,  and  Zou  that  every  (p,  q)  graph  G  can  be  r- 
transformed  into  any  other  (p,  q)  graph  H.  It  was  also  shown  by  Johnson  that  s-transformation 
preserves  connectedness.  Further,  a  graph  G  can  be  s-transformed  into  a  graph  H  if  and  only  if 
G  and  H  have  the  same  number  of  components  and  corresponding  components  of  G  and  H 
have  the  same  order  and  same  size. 


Metrics  Based  on  Transformations 

Associated  with  these  transformations  are  two  metrics  defined  on  graphs.  Let  G  and  H 
be  two  graphs  having  the  same  order  and  same  size.  The  edge  rotation  distance  or,  more  simply, 
the  r-distance  dr(G,  H)  between  G  and  H  is  the  smallest  nonnegative  integer  n  for  which 
there  exists  a  sequence  Gq,  Gj, ...,  Gp  of  graphs  such  that  G  =  Gq,  H  =  Gn,  and  Gj  can  be 
obtained  from  Gj_i  by  an  edge  rotation  for  i  =  1,  2,  ...,  n.  For  example,  the  edge  rotation 
distance  between  graphs  G  and  H  shown  in  Figure  2  is  d^CG,  H)  =  3. 


Figure  2 

The  following  properties  of  edge  rotation  distance  were  established  by  Chartrand,  Saba, 
and  Zou. 
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Proposition  1  If  G  and  H  are  two  graphs  having  the  same  order  and  same  size,  then 
dr(G,  H)  =  d^G,  H) . 

It  was  shown  that  every  nonnegative  integer  is  the  r-distance  between  some  pair  of  graphs. 

Proposition  2  For  every  nonnegative  integer  n,  there  exist  graphs  G  and  H  such  that 
dr(G,  H)  =  n. 

P*rior  to  presenting  an  upper  bound  for  the  r-distance  between  two  graphs,  we  introduce 
another  concept.  For  nonempty  graphs  G]  and  G2,  greatest  common  subgraph  oi  Gj  and  G2 
is  defined  as  any  graph  G  of  maximum  size  without  isolated  vertices  that  is  (isomorphic  to)  a 
subgraph  of  both  Gj  and  G2. 

Proposition  3  Let  G  and  H  be  two  (p,  q)  graphs  with  q>  Land  let  s  be  the  size  of  a 
greatest  common  subgraph  of  G  and  H.  Then  d^fG,  H)  <  2(q  -  s).  Moreover,  this  bound  is 

sharp. 


Another  distance  between  graphs  is  associated  with  edge  slide  and  was  discussed  by 
Johnson  and  by  Benade,  Goddard,  McKee,  and  Winter.  Let  G  be  a  graph  with  components  Gp 
1  <  i  <  k,  and  H  a  graph  with  components  Hj,  1  ^  i  <  k,  such  that  Gj  and  Hj  have  the  same 
order  and  same  size.  We  define  the  edge  slide  distance  or,  simply,  the  s-distance  dgCG,  H) 
between  G  and  H  as  the  smallest  nonnegative  integer  n  for  which  there  exists  a  sequence  G  = 
Go,G„...,  G„  =  H  of  graphs  such  that,  for  i  =  1,  2, ...,  n,  Gj  can  be  obtained  from  Gj.j  by 
an  edge  slide.  If  G  and  H  are  the  graphs  presented  in  Figure  3,  then  the  edge  slide  distance 
between  G  and  H  is  djCG,  H)  =  2. 


G:  H: 


Note  that  dr(G,  H)  =  1  for  the  graphs  G  and  H  of  Figure  3.  It  is  straightforward  to 
show  that  dr(G,  H)  <  ds(G,  H)  for  every  pair  G,  H  of  connected  graphs  having  the  same  order 
and  same  size.  The  following  result  is  perhaps  less  obvious. 
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Proposition  4  For  every  pair  m,  n  of  positive  integers  with  m  <  n,  there  exist  graphs  G  and 
H  such  that  dr(G,  H)  =  m  and  d^CG,  H)  =  n. 


Distance  Graphs 

Let  S  be  a  set  of  (nonisomorphic)  (p,  q)  graphs.  Then  we  define  the  edge  rotation 
distance  graph  2?r(S)  of  S  as  the  graph  with  the  vertex  set  S  such  that  two  vertices  G  and  H 
of  (Dr(S)  are  adjacent  if  and  only  if  df(G,  H)=l.  A  graph  F  is  an  edge  rotation  distance  graph 
if  F  =  Dj,(S)  for  some  set  S  of  graphs. 

Let  S'  be  a  set  of  (nonisomorphic)  graphs  having  the  same  number  of  components, 
labeled  in  such  a  way  that  the  ith  components  of  all  graphs  have  the  same  order  and  same  size. 
Then  we  define  the  edge  slide  distance  graph  Ds(S')  of  S'  analogously. 

It  was  shown  by  Chartrand,  Goddard,  Henning,  Lesniak,  Swart,  and  Wall  that  every 
graph  is  an  edge  slide  distance  graph  and  it  was  conjectured  that  all  graphs  are  edge  rotation 
distance  graphs.  A  number  of  classes  of  graphs  are  known  to  be  edge  rotation  distance  graphs. 
The  next  two  results  are  due  to  Chartrand,  Goddard,  Henning,  Lesniak,  Swart,  and  Wall. 

Proposition  5  Complete  graphs,  cycles  and  trees  are  edge  rotation  distance  graphs. 

Proposition  6  Every  line  graph  is  an  edge  rotation  distance  graph. 

Proposition  7  (Faudree,  Schelp,  Lesniak,  Gyiirfas,  and  Lehel)  The  complete  bipartite  graphs 
K3  3  and  K2  p  (p^l)  are  edge  rotation  distance  graphs. 

Proposition  8  (Jarrett)  For  every  pair  m,  n  of  positive  integers,  the  graph  K^,  „  is  an  edge 
rotation  distance  graph. 


F-Transformations 

Let  G  and  H  be  two  (p,  q)  graphs,  both  containing  a  subgraph  isomorphic  to  a  given 
graph  F  of  order  at  least  2.  We  say  that  G  can  be  transformed  into  H  by  an  F-rotation  (or 
simply,  G  can  be  F -rotated  into  H)  if  there  exist  distinct  vertices  u,  v,  and  w  of  G  and  a 
subgraph  F'  of  G  isomorphic  to  F  such  that  u  «  V(F'),  {v,  w}  C  V(F'),  uv  €  E(G),  uw  « 
E(G),  and  H  =  G-uv  +  uw.  For  example,  if  F  =  Kj  3,  then  the  graph  G  of  Figure  4  can  be 
Kj  ^-rotated  into  H  and  H'. 
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Figure  4 

More  generally,  we  say  that  a  graph  G  can  be  F-tranrformedinto  H  if  either  (1)  G  =  H 
or  (2)  there  exists  a  sequence  G  =  Gq,  Gj,  G^  =  H  of  graphs  such  that,  for  i  =  0,  1, ..., 
n-1,  the  graph  G,  can  be  F-rotated  into  Gj+i-  For  instance,  the  graph  G  of  Figure  5  cannot 
be  Kj  4-rotated  into  H,  but  G  can  be  Kj  4-transformed  into  H. 

G(=Go):  Gj:  H(=G2): 


Figure  5 


Observe  that  K  2-rotation  and  K2-rotation  are  edge  rotation  and  edge  slide,  respectively. 
Clearly,  if  a  graph  G  can  be  F-transformed  into  a  graph  H,  then  G  and  H  have  the  same 
order,  same  size,  and  both  contain  a  subgraph  isomorphic  to  F.  Unfortunately,  the  converse  is 
not  true,  in  general.  For  instance,  the  graphs  G  and  H  of  Figure  6  have  the  same  order  and 
same  size,  and  both  G  and  H  contain  a  subgraph  isomorphic  to  C4,  but  G  cannot  be  C4- 
transformed  into  H.  In  fact,  G  can  be  C4-transformed  only  into  itself. 
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G: 


Figure  6 

One  may  ask  the  question;  What  are  necessary  and  sufficient  conditions  for  one  of  two 
graphs  G  and  H  to  be  F-transformed  into  the  other?  We  have  already  seen  the  answer  to  this 
question  if  F  =  K2  or  F  =  K2.  The  following  results  are  due  to  Jarrett. 


Proposition  9  Let  F  be  any  nontrivial  connected  graph.  If  a  connected  graph  G  can  be  F- 
transformed  into  a  graph  H,  then  H  is  connected. 


Corollary  9a  Let  F  be  a  nontrivial  connected  graph.  A  graph  G  can  be  F-transformed  into  a 
graph  H  if  and  only  if  the  graph  G  has  components  Gj,  G2,  ....  Gjj,  the  graph  H  has 
components  H|,  H2, ...,  and  Gj  can  be  F-transformed  into  Hj  for  every  i  (1  <i<k). 

Proposition  10  Let  F  be  a  connected  graph  of  order  p'  with  6(F)  =  1,  and  let  G  and  H 
be  two  (nonisomorphic)  connected  (p,  q)  graphs,  each  containing  an  induced  subgraph 
isomorphic  to  F.  Then  G  can  be  F-transformed  into  H. 


Next  we  show  that  if  6(F)  >1  or  F  is  not  an  induced  subgraph  of  G  or  H,  the  result 
does  not  necessarily  hold.  For  example,  for  the  graph  F  of  Figure  7  we  have  6(F)  =  2  >  1. 
Although  the  graphs  G  and  H  contain  F  as  an  induced  subgraph,  G  cannot  be  F-transformed 
into  H.  In  fact,  G  cannot  be  F-transformed  into  any  graph  different  from  G. 


For  the  graph  F  of  Figure  8  we  have  6(F)  =1,  but  F  is /lor  an  induced  subgraph  of  G, 
and  H  cannot  be  obtained  from  G  by  an  F-transformation.  Indeed,  G  can  be  F-transformed 
only  into  itself  and  graphs  G'  and  G"  of  Figure  8. 
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Figure  8 


With  each  F-transformation  another  metric  can  be  defined.  Let  F  be  a  graph  of  order 
p'  >  2  and  let  J  be  a  set  of  (p,  q)  graphs  such  that  for  every  pair  G,  H  of  graphs  in  S,  the 
graph  G  can  be  F-transformed  into  H.  The  F-distance  F-d(G,  H)  between  G  and  H  is 
defined  as  the  minimum  number  of  F-rotations  necessary  to  transform  G  into  H.  For  the  graphs 
F,  G,  and  H  of  Figure  9,  we  have  F-d(G,  H)  =  2. 


Figure  9 


If  a  graph  G  cannot  be  F-transformed  into  a  graph  H  we  set  F-d(G,  H)  =  «>.  it  is 
obvious  that  K2-d(G,  H)  <  F-d(G,  H). 

Proposition  11  Let  F  be  a  graph  of  order  p^2)  and  let  n  be  a  nonnegative  integer.  Then 
there  exists  a  pair  G],  G2  of  graphs  such  that  F-d(Gi,  ^2)  =  n. 

Let  F  be  a  graph  of  order  p'  2)  and  let  5  be  a  set  of  (p,  q)  graphs,  each  containing 
a  subgraph  isomorphic  to  F.  Then  the  F-distance  graph  ^D^S)  of  S  is  that  graph  whose  vertex 
set  is  S  and  in  which  two  vertices  G  and  H  are  adjacent  if  and  only  if  F-d(G,  H)  =  l.  For 
example,  if  F  =  K3  and  S  is  the  set  of  graphs  Gj,  G2,  G3,  and  G4  shown  in  Figure  10,  then 
=  K4  —  e. 
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I 


Figure  10 

Proposition  12  Let  F  be  a  nontrivial  connected  graph.  Then  every  graph  is  an  F-distance 
graph. 


Subgraph  Distance 

Let  Gi  and  G2  be  edge-induced  subgraphs  of  the  same  size  in  a  graph  G.  The  subgraph 
G2  can  be  obtained  from  Gi  by  an  ei/ge  roranon  if  there  exist  distinct  vertices  u,  v,  and  w  such 
that  uv  €  E(Gi),  uw  4  E(Gi),  and  G2  =  Gj  -  uv  +  uw.  More  generally,  Gi  can  be  r- 
transformed  into  G2  if  Gi  =  G2  or  G2  can  be  obtained  from  Gj  by  a  sequence  of  edge 
rotations.  It  was  shown  by  Chartrand,  Johns,  Novotny,  and  Oellermann  that  eveiy  edge-induced 
subgraph  of  a  connected  graph  G  can  be  r-transformed  into  any  edge-induced  subgraph  of  G 
having  the  same  size.  The  edge  rotation  distance  dr(Gi,G2)  between  Gj  and  G2  is  the 
minimum  number  of  edge  rotations  required  to  r-transform  Gj  into  G2.  For  the  graph  G  of 
Figure  1 1,  the  subgraph  G3  can  be  obtained  from  Gj  by  an  edge  rotation  so  that  dj(Gi,G3)  =  1. 
On  the  other  hand,  G3  cannot  be  obtained  from  G2  by  an  edge  rotation,  but  G3  can  be  obtained 
from  G2  by  an  r-transformation  and  dr(G2,  G3)  =  3. 
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Figure  1 1 


One  can  also  define  a  subgraph  transformation  based  on  edge  slide.  Let  and  G2  be 
two  edge-induced  subgraphs  of  the  same  size  in  G.  We  say  that  G2  can  be  obtained  from  Gj 
by  an  edge  5/ide  if  there  exist  distinct  vertices  u,  v,  and  w  of  G  such  that  uv  €  E(Gj),  uw€^ 
E(Gi),  vw  e  E(G),  and  G2  =  Gi  -  uv  +  uw.  For  example,  for  the  graph  G  of  Figure  12,  the 
subgraph  G2  can  be  obtained  from  Gj  by  an  edge  slide.  More  generally,  we  say  that  Gj  can 
be  s-transformed  into  G2  if  either  (1)  Gi=G2  or  (2)  G2  can  be  obtained  from  G]  by  a 
sequence  of  edge  slides. 


Figure  12 

As  we  mentioned  earlier,  for  every  pair  H,  H'  of  edge-induced  subgraphs  of  the  same  size 
in  a  connected  graph  G,  the  subgraph  H  can  be  r-transformed  into  H'.  Unfortunately,  this  is 
not  the  case  for  s-transformations.  For  example,  if  G  is  the  graph  of  Figure  13,  then  H  cannot 
be  s-transformed  into  H'.  In  fact,  H  can  be  s-transformed  only  into  itself. 


1 1 


w  y  u  w  w  y 


Figure  13 

Let  e  and  f  be  edges  of  a  graph  G.  A  triangular  e-f  walk  of  G  is  a  finite,  alternating 
sequence  e  =  eQ,  T],  ej,  T2, Tp,  en  =  f  of  edges  and  triangles  such  that  ej.i  and  e, 
belong  to  Tj  (1  <  i  <  n).  A  triangular  e-f  path  is  a  triangular  e-f  walk  in  which  no  edges  or 
triangles  are  repeated.  The  number  n  of  triangles  in  the  triangular  path  is  called  its  length.  In  the 
graph  G  of  Figure  14  there  exists  a  triangular  e-f  path  (with  Tj  =  ({ej_i,  ej)),  i  =  1,  2,  3),  but 
there  is  no  triangular  e-g  path. 


Figure  14 

It  is  straightforward  to  show  that  every  triangular  e-f  walk  in  a  graph  contains  a  triangular 
e-f  path. 

Observe  that  for  every  two  edges  e  and  e'  of  a  triangle  T,  the  subgraph  ({e'})  can  be 
obtained  from  ({e))  by  an  edge  slide.  Therefore,  if  in  a  graph  G  there  exists  a  triangular  e-f 
path,  then  Gi=({e}>  can  be  s-transformed  into  G2  =  {{f}). 

Whenever  edges  e  and  f  belong  to  a  3-cycle  in  G,  we  denote  this  triangle  by  T(e,  f) 
and  call  it  a  slide  induced  triangle.  With  every  edge  slide  there  is  associated  a  unique  triangle  T, 
namely,  if  G2  =  G]  -  e  +  f,  then  T  =  T(e,  f).  These  observations  are  useful  in  proving  the 
following  result  by  Jarrett. 

Proposition  13  Let  G  be  a  connected  graph  of  size  q  ^  1,  and  let  q'  be  an  integer  with 
1  <  q'  ^  q.  For  every  pair  Gj,  G2  of  subgraphs  of  G  having  size  q',  the  subgraph  Gj  can  be 
s-transformed  into  G2  if  and  only  if  eveiy  two  edges  of  G  are  connected  by  a  triangular  path. 


Triangular  Line  Graphs 


For  a  given  graph  G,  we  define  its  triangular  line  graph  ‘2(G)  as  that  graph  with  vertex  set 
E(G)  such  that  two  vertices  e  and  f  of  ‘2(G)  are  adjacent  if  and  only  if  T(e,  f)  is  a  triangle  of 
G.  For  G  =  K4  -  e,  the  graph  ‘2(G)  is  shown  in  Figure  15. 


Figure  15 

It  follows  from  the  definition  that  ‘2(G)  is  a  spanning  subgraph  of  the  line  graph  L(G). 
The  next  result  is  perhaps  less  obvious.  These  are  due  to  Jarrett. 

Proposition  14  Let  G  be  a  connected  graph  of  order  p  >  2.  Then  ‘2(G)  =  L(G)  if  and  only 
if  G  =  Kp. 

Proposition  15  Let  G  be  a  connected  nontrivial  graph.  For  every  pair  Gj,  G2  of  edge- 
induced  subgraphs  of  G  having  size  1,  the  subgraph  Gj  can  be  s- transformed  into  G2  if  and 
only  if  ‘2(G)  is  connected. 

Corollary  15a  Let  G  be  a  nontrivial  connected  graph.  Then  for  every  pair  Gi,G2  of  edge- 
induced  subgraphs  of  G  having  the  same  size,  Gi  can  be  s-transformed  into  G2  if  and  only  if 
‘2(G)  is  connected. 

For  integers  n  >  2,  the  nth  iterated  triangular  line  graph  T”(G)  of  a  graph  G  is  defined 
to  be  ‘2(t""^(G)),  where  T^(G)  denotes  '2(G)  and  t”“HG)  is  assumed  to  be  nonempty. 
Clearly,  ^"(G)  is  a  subgraph  of  the  nth  iterated  line  graph  L"(G)  of  G.  In  fact,  for  n  = 
1,  ‘T^G)  =  ‘2(G)  is  a  spanning  subgraph  of  L^G)  =  L(G). 

Note  that  every  triangle  T  in  G  gives  rise  to  a  triangle  T  in  ‘2(G)  with  a  one-to-one 
correspondence  between  the  edges  of  T  and  the  vertices  of  T.  Moreover,  if  Tj  and  T2  are  two 
triangles  of  G,  then  the  corresponding  triangles  TJ  and  T2  of  ‘2(G)  are  edge-disjoint.  For 
suppose,  to  the  contrary,  that  T}  and  T2  have  an  edge  in  common  or,  equivalently,  T|  and  T2 


have  two  common  vertices,  say  e  and  f.  Necessarily,  e  and  f  are  common  edges  of  Tj  and 
T2,  which  implies  that  Tj  =  T2.  Thus  %G)  has  at  >east  as  many  triangles  as  G  has.  We  show 
that  only  for  K4-ffee  graphs  G  are  the  number  of  triangles  in  G  and  TCG)  equal. 

Proposition  16  Let  t(G)  denote  the  number  of  triangles  in  a  graph  G.  Then  t(G)  =  t(‘2(G)) 
if  and  only  if  G  is  K4-ffee. 

Proposition  17  Let  G  be  a  K4-free  graph.  Then  T”(G)  =  T^(G).  for  n  >  2. 

The  previous  result  does  not  hold  for  a  graph  G  =  K4.  However,  T^(K4)  =  8K3  and, 
therefore,  for  n  >  3  we  have  T"(K4)  =  T^(K3).  The  graphs  G  =  K4  and  T‘(K4),  1  <  i  <  3, 
are  shown  in  Figure  16. 

Conjecture  For  every  graph  G  containing  at  least  one  triangle,  there  exists  an  integer  k  >  0, 
such  that  for  n  >  k,  T"(G)  =  T^(G). 


Figure  16 


n-Subgraph  Distance  Graphs 

The  n-subgraph  distance  graphs  were  introduced  by  Chartrand,  Hevia,  Jarrett,  Saba,  and 
VanderJagt.  Let  G  be  a  graph  of  size  q  1)  and  let  n  be  an  integer  with  l<n<q.  The  n- 
subgraph  distance  graph  Ln(G)  of  G  is  that  graph  whose  vertices  correspond  to  the  edge- 
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induced  subgraphs  of  size  n  in  G  and  where  two  vertices  of  Ln(G)  are  adjacent  if  and  only  if 
the  edge  rotation  distance  between  corresponding  subgraphs  is  1.  It  is  convenient  to  label  the 
vertices  of  Ln(G)  by  the  edge  sets  of  the  corresponding  subgraphs  or  simply  by  listing  the  edges. 
Each  edge  in  a  vertex  label  is  called  a  coordinate.  Since  the  coordinates  are  elements  of  a  set,  the 
order  in  which  the  coordinates  of  a  vertex  are  listed  is  irrelevant.  For  example,  if  a  vertex  of 
Ln(G)  corresponds  to  the  subgraph  of  G  induced  by  the  edge  set  {e^,  e2, ...,  ep},  then  we  may 
label  this  vertex  as  ej,  e2, ...,  e^  or  ej  u  X,  where  X  =  {ej  1 1  <  j  <  n,  j  i),  or  simply  as  ejX. 
For  the  graph  G  =  K]  +  (Kj  u  K2)  of  Figure  17,  the  graphs  LjCG),  i  =  1,  2,  3,  4,  are  shown. 


a 


Figure  17 

Observe  that  L4(G)  =  Ki  for  the  graph  G  of  Figure  17.  In  general,  Lq(G)  =  Ki  fora 
graph  G  of  size  q.  Furthermore,  L^CG)  =  L3(G)  for  the  graph  G  of  Figure  17.  This  fact 
illustrates  the  following  result. 

Proposition  18  Let  G  be  a  graph  of  size  q,  and  let  n  be  an  integer  with  1  <  n  <  q.  Then 

Ln(G)  =  Lq_n(G). 
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The  graphs  Ln(G),  1  <  n  <  q  =  E(G),  are  also  called  generalized  line  graphs  since  the  1- 
subgraph  distance  graph  LjCG)  is  the  line  graph  of  G.  We  shall  also  refer  to  these  graphs  as  n- 
subgraph  rotation  distance  graphs  to  distinguish  them  from  the  n-subgraph  slide  distance  graphs, 
which  we  are  about  to  describe.  We  begin  with  the  definition  of  n-subgraph  slide  distance. 

Let  G  be  a  graph  of  size  q  (>  1),  and  let  Gj  and  G2  be  two  edge-induced  subgraphs  of 
G  having  the  same  size  n  (l<n<q).  We  define  the  n-subgraph  slide  distance  djfGi,  G2) 
between  G^  and  G2  as  the  smallest  nonnegative  integer  k  for  which  there  exists  a  sequence 
Hq,  Hj,  ...,  Hjj  of  subgraphs  of  G  such  that  Gj  =  Hq,  G2  =  and,  for  i  =  1,  2, ...,  k,  Hj 
can  be  obtained  from  Hj.j  by  an  edge  slide.  If  no  such  k  exists,  we  define  ds(Gi,  Gq)  =  o®.  If 
G  =  K4  -  e,  and  G]  and  G2  are  two  subgraphs  of  G  shown  in  Figure  18,  then 

ds(Gi,G2)  =  2. 


Figure  18 

We  define  the  n-subgraph  slide  distance  graph  Sn(G)  of  G  as  the  graph  whose  vertices 
correspond  to  the  edge-induced  subgraphs  of  size  n  and  where  two  vertices  G]  and  G2  of 
Sn(G)  are  adjacent  if  and  only  if  dgCGj,  G2)  =  1.  It  is  straightforward  to  see  that  Si(G)  =  T(G), 
and,  therefore,  SiCG)  is  a  spanning  subgraph  of  L](G).  In  general,  for  n  >  1,  Sn(G)  is  a 
spanning  subgraph  of  Ln(G).  For  the  graph  G  =  K4  -  e,  the  graphs  Sj(G),  1  <  i  ^  5,  are  shown 
in  Figure  19. 
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G:  b 


S2(G): 


S4(G): 


bcde  acde 


Sj(G):  a  b 


S3(G): 


abcde 

O 


Figure  19 

Observe  that  for  the  graph  G  =  K4  -  e,  we  have  S2(G)  =  83(0)  and  Sj(G)  =  S4(G). 
This  fact  can  be  generalized  as  follows. 


Proposition  19  Let  G  be  a  graph  of  size  q  1)  and  let  n  be  an  integer  with  1  <  n  <  q. 
Then  Sn(G)  =  Sq_n(G). 
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Subgraph  Distance  for  Subgraphs  of  the  Same  Order 

For  a  connected  graph  G  of  order  p  and  an  integer  n  such  that  1  <  n  <  p,  let  F  and  H 
be  induced  subgraphs  of  G  of  order  n.  We  define  a  pairing  k  from  the  set  V(F),  say  {vi,V2, 
...  ,Vn},  to  the  set  V(H)  as  a  one-to-one  correspondence  that  associates  a  vertex  of  V(F0  with 
one  of  V(H).  The  distance  induced  by  k  between  F  and  H  is  defined  as 

n 

d„(F,  H)  =  Z  d(Vi,  7i(vi)) 

i=l 

and  the  subgraph  distance  between  F  and  H  is 


d(F,  H)  =  min  d„(F,  H). 

1C 

This  concept  was  introduced  by  Chartrand,  Johns,  Novotny,  and  Oellermann.  Observe  that  if  F 
consists  of  a  single  vertex,  say  u,  and  H  consists  of  a  single  vertex,  say  v,  then  d(F,  H)  =  d(u, 
v).  Thus  d(F,  H)  is  a  generalized  distance  defined  in  terms  of  subgraphs.  As  an  example.  Figure 
20  gives  a  connected  graph  G,  two  induced  subgraphs  F  and  H  of  G,  a  listing  of  all  pairings 
from  V(F)  to  V(H),  and  d(F,  H). 


n-Vertex  Graphs 


Let  G  be  a  connected  graph  of  order  p  and  let  F  and  H  be  subgraphs  of  order  n  with 
1  <  n  <  p  -  1.  Then  d(F,  H)  =  1  if  and  only  if  there  exist  adjacent  vertices  u  e  V(F)  and  v  g 
V(H)  such  that  V(F  -  u)  =  V(H  -  v).  We  define  the  n-vertex  graph  of  G  as  that  graph  Gp 
whose  vertices  are  the  induced  subgraphs  of  order  n  in  G  and  two  vertices  F  and  H  of  G„  are 
adjacent  if  and  only  if  d(F,  H)  =  1.  A  graph  and  its  2- vertex  graph  are  shown  in  Figure  21. 


Figure  21 


The  optimality  of  clustering  and  monotone  optimal  assemblies 
by 

Uriel  G«  Rothblum  ' 

The  purpose  of  the  study  is  to  present  recent  results 
which  provide  sufficient  conditions  for  the  optimality  of 
clustered  partitions.  In  particular*  we  introduce  a  formal 
definition  of  clustering  by  calling  a  partition  clustered  if 
convex  hulls  of  the  sets  of  the  partition  are  disjoint#  It  is 
shown  that  if  given  vectors  A1  «  •••  *  An  in  Rk  are  to  b 
partitioned  into  m  groups*  of  predetermined  sizes*  so  as  to 
maximize  an  objective  which  is  a  quasl-convex  function  of 
the  sums  of  the  vectors  in  each  set*  then  a  clustered  optimal 
partition  exists#  Further*  if  quasi-convexity  is  replaced  by 
strict  quasi-convexity*  every  optimal  partition  is  clustered# 
Computational  implications  of  the  results  are  discussed# 

The  techniques  we  developed  enabled  us  to 
determine  sufficient  conditions  for  the  optimality  of 
monotone  assemblies#  Here  we  consider  the  problem  of 
identifying  multipartitions  which  occur  when  items  of 
different  types  are  to  be  partitioned  Into  sets*  for  example^ 
in  system  assembly*  components  of  different  type  are 
assigned  to  modules  which  compose  the  system#  We  show 
that  if  the  system  is  coherent  and  if  the  components  in  each 
module  are  in  series*  there  is  a  reliability  maximizing 
assembly  which  is  monotonev  i#e#*  it  has  a  single  module 
which  gets  the  best  parts  of  each  type  (according  to  its 
specification)*  there  is  another  module  which  gets  the 
second  best  parts  of  each  type  (according  to  its 
specification)*  and  so  on*  till  finally*  there  is  one  module 
which  gets  the  worst  parts  of  each  type  (according  to  its 
specification)# 
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An  Ordinal  Arfroacr  to  Consknsus  Functions 

G.  D.  Crown  and  M.  F.  Janowitz 

Abstract.  Let  G  be  a  finite  nonempty  set.  A  consensus  function 

)c  )c 

can  be  viewed  as  a  mapping  F:G  i — >G.  For  n  e  G  ,  F  (n)  is  often 
constructed  from  certain  building  blocks .  For  a  family  of 
relations  on  a  set  X,  these  might  be  the  pairs  (x,y)  that 
constitute  the  output  relation.  In  its  most  general  setting^  one 
can  work  with  a  triple  (G/S,7)  where  S  is  the  set  of  building 
blocks  and  y:Gi — (S)  is  a  one-one  function.  A  neutral  consensus 
function  F  is  characterized  by  the  existence  of  a  family  of 
svibsets  of  =  {l,2,...,k}  having  the  property  that  for  any  k- 
tuple  n  €  G  ,  s  €  9f(F(n))  if  and  only  if  {i:  s  e  3r(g.)}  €  D_. 
Assuming  that  Vj^  €  and  0  s  we  investigate  conditions  on  r 

that  are  equivalent  to :  A  e  implies  4^  Z)p/  A  <  Dp  implies 

Vj^\A  €  Dp,'  Dp  is  an  order  filter  (principal  filter,  ultrafilter) 
of  Vj^.  The  work  is  in  progress,  but  here  are  some  sample  results: 
Theorem.  Assume  G  has  elements  g,h  such  that  r(g)vr(h)  is  not  of 
the  form  ^(v),  while  r(g)^y(h)  ■  y(w)  for  some  w  e  G.  Than  for 
any  neutral  F,  it  is  true  that  A,  B  e  D_  implies  AnB  *  0. 

(Included  here  would  be  any  nondistributive  lattice,  as  well  as 
any  meet  semilattice  that  is  not  a  lattice) .  There  are  also  some 
general  results  that  imply  the  following:  If  G  is  a  lattice 
having  a  pair  of  comparable  sup-irreducibles,  then  Dp  is  an  order 
filter  of  If  G  is  an  atomistic  lattice  having  distinct  atoms 

a,b,c  such  that  c  ss  avb,  then  Dp  is  a  principal  filter  (so  any 
neutral  consensus  method  is  an  oligarchy) .  If  G  is  an  atomistic 
join  semilattice  that  is  not  a  lattice  having  distinct  atoms 
a,b,c  such  that  c  s  avb  <  1,  or  if  G  is  a  nondistributive  join 
semilattice  that  is  not  a  lattice  having  at  least  4  atoms,  such 
that  every  line  c'^ntains  exactly  2  points,  then  any  neutral 
consensus  method  is  a  dictatorship. 


Ordinal  Consensus  Methods 

G.  D.  Crown  and  M.  F.  Janowitz 
(Preliminary  Report) 


What  is  a  consensus  method? 

G  =  finite  set  of  objects 

(the  objects  to  be  summarized) 

A  V  =  indexing  set  (the  "voters") 

(fixed,  possibly  infinite) 

P  =  G^  =  set  of  profiles . 

Thus  for  71  €  P, 

^  =  (9  )  ■,r  or  n:Vi — >G. 

a  aeV 


Consensus  method:  F:Pi — »G. 
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For  a  profile  will  approach  the 
construction  of  F  (ti)  by  means  of  a 
” s t abi 1 i ty "  f ami ly . 

Pair  (S^y),  where  S  is  a  set  and 
3^:Gi — (S)  is  a  one-one 
mapping . 

Neutral  consensus  method  F: 

There  is  a  family  D  =  of 

subsets  of  V  such  that 

(i)  0  ^  D,  but  V  €  Z). 

(ii)  s  €  ^(F(7i))  iff  s  €  Z), 

71 

where  s  =  {a:  s  e  'y(n{a)  )  }  . 

Goal ;  Relate  properties  of  D  with 
properties  of  y. 


Examples  of  stability  families 


1 .  G  =  a  set  of  binary  relations 
on  a  set  X.  (weak  orders, 
linear  orders,  partial  orders, 
quasiorders,  etc.)  S  =  XxX,  and 

r  (R)  =  {  (x, y)  :  xRy } 

or 

3'(R)  =  {(x,y):  xRy  fails} 

2.  G  =  finite  join  (or  meet) 

semilattice . 

S  =  sup-irreducibles  in  that 
a , b  <  s  =»  avb  <  s . 
y (g)  =  {s  €  S:  s  £  g},  or 
r(g)  =  {s  e  S:  s  ^  g} . 

(or  the  dual  of  this  example) 

3.  Trees  and  Pyramids .  X  =  set 


with  X I  2:  5 .  A  set  "U  of 
subsets  of  X  is  a  tre'  if 

(a)  X  €  3",  and  0  J. 

(b)  {x}  e  J  for  all  x  e  X. 

(c)  For  A,  B  €  J,  AnB  e  {0,A,B} 

J  is  a  pyramid  if  (c)  is 
replaced  by 

(d)  For  A,  B  e  AnB  € 

Take  S  =  proper  subsets  of  X, 
and  rCJ)  =  {A;  A  €  7}  . 
are  many  similar  examples . 


There 
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F  =  neutral  consensus  method  with 
Z)  =  Dp; 

{S,j)  is  a  stability  family. 

Theorem  1.  If  |V|  a  2,  (a)  ^  (b) 

(a)  For  any  such  F, 

A  e  D  implies  A'  i  D . 

(b)  3g,h  €  G  such  that  y(g)ur(h) 
is  not  of  the  form  y(v)  for 
any  v  e  G. 

If  |V|  £  3,  (c)  ^  (d) 

(c)  For  any  such  F, 

B  i  V  implies  B'  e  D. 

(d)  There  exist  g,h  e  G  such  that 
r(g)n2r(h)  is  not  of  the  form 
y  (w)  for  any  w  €  G. 
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Theorem  2.  If  there  exist  g,h  e  G 

such  that 

9r(g)u3r(h)  is  not  of  the  form  3^(v), 

but 

y(g)n3r(h)  =  3^  (w)  for  some  w  e  G, 
then  A,  B  €  Z)  implies  AnB  ^  0. 

Corollary .  Let  G  be  any  non¬ 
distributive  lattice,  or  any  join 
semilattice  that  is  not  a  lattice. 
Take  S  =  sup-irreducibles,  and 
^(g)  =  {s  €  S:  s  5  g}  . 

Then  A,  B  e  D  implies  AnB  *  0. 


A  Version  Of  Arrow's  Theorem 


^  ^  have  the  following 
properties : 

(1)  ^  ^  ^  (i/ jfk)  any 

permutation  of  (1,2,3),  then 
€  3r(g^),  {a  . ,  aj^}ny  (g^)  =  0. 

(2)  3Z  €  G  3  U^r(a^)  £  y(z) . 


3w  €  G  3  {a. , 

a2, (w)  =  0. 

w 

{ ^  ^2  ^  ^3  ^ 

is  transitive  in 

the  sense 

that  a^,  a2  e  y  (g) 

implies  that 

a3  e  y(g)  . 

Theorem  3.  If  the  above  conditions 
are  satisfied  and  F  is  a  neutral 
consensus  method,  then  D  is  a 
^  lattice  filter  of  V. 


Remark.  The  above  notion  of 


transitivity  of  course  comes  from 
transitivity  of  relations: 

xRy,  yRz  implies  xRz . 

But  what  makes  it  of  further 
interest  is  the  fact  that  in  a 
join  semilattice,  c  £  avb  makes 
(a,b,c)  a  transitive  triple. 

®  For  relations,  can  talk  about 

a  triple  {  (a, b)  ,  (c, d)  ,  (x, y)  }  being 
transitive  if 

aRb,cRd  implies  xRy. 

In  general,  if  T  s  S  and  s  e  S, 
can  define  (T,s)  to  be  transitive 
if  T  £  9^(g)  implies  s  e  y  (g)  . 

% 


Theorem  4.  Let  a,beS;  x,y,zeG. 
Assume : 

(1)  a  e  3r  (g)  =»  b  €  r  (g)  . 

(2)  a  €  3r(x)  . 

(3)  a  r  (y) ,  b  e  r  (y)  . 

(4)  h  i  K  {t.)  . 

Then  F  neutral  implies  D  an  order 
filter . 

Theorem  5.  Assume  x,y,g,z  e  G,  and 

(1)  2r(x)ur  (y)  ^  r  (w)  . 

(2)  2r  (x)  nj  (y)  =0. 

(3)  2r  (x)  ud'  (y)  c  3^  (g)  , 

(4)  r(z)  =  0. 

Then  F  neutral  implies  D  is  closed 
under  intersections. 


^  Theorem  6.  Assume  x,y,g  €  G,  and 

(1)  9^(x)u3r(y)  ^  2^  (v)  for  any  v. 

(2)  2'(x)A2'(y)  =  r  (w)  for  some  w. 

(3)  2'(x)u2'(y)  c  2'(g)  . 

(4)  D  is  an  order  filter. 

Then  B  is  a  lattice  filter. 

Apply  these  and  similar  results  to 
lattices  having  more  than  1 
^  member: 

Theorem  7.  G  is  a  lattice,  and 
S  =  sup-irreducibles .  These  are 
equivalent : 

(1)  G  is  not  distributive. 

(2)  For  any  neutral  F,  B  is  a 
lattice  filter. 


Defn ;  A  join-semilattice  G  is 
distributive  if  every  principal 
filter  of  G  is  a  distributive 
lattice . 

Theorem  8 .  G  is  a  nondistributive 
join  semilattice  not  a  lattice, 
with  S  its  sup-irreducibles . 

For  any  neutral  consensus  method  F 
on  G,  D  is  an  ultrafilter. 

In  progress ;  Work  with 
distributive  join-semilattices. 

The  setting ;  A  stability 
family  (S,z)  such  that: 

(1)  (a)vz  (b)  =  3^  (v)  . 

(2)  3'(a)n3'(b)  is  either  y  (w)  or  0. 


